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The presented dissertation work of PhD candidate Bekenaeva K.S. is devoted to the
study of the solvability of initial boundary value problems for a quasi-linear pseudo-parabolic
equation of fractional order with the Caputo fractional differentiation operator. Differential
equations with fractional partial derivatives are a generalization of integer order partial
differential equations and are of great theoretical and practical interest. The solution of many
important problems arising in the study of liquid filtration processes in fractured-porous
media, the movement of groundwater with a free surface in multilayer media, the transfer of
moisture, heat and salts in porous media, etc. are associated with the need to study boundary
value problems for pseudo-parabolic fractional order equations.

The purpose of this dissertation is studying the issues of unambiguous solvability of
inttial boundary value problems for a quasi-finear pseudo-parabolic fractional equation with
linear and nonlinear boundary conditions, establishing a theorem on the existence and
uniqueness of a weak generalized solution to problems, proving the blow-up of the solution to
the problem for a quasi-linear pseudo-parabolic fractional equation with a linear boundary
condition in finite time and investigating the asymptotic behavior of the solution in time.

The content of the research work consists of an introduction, three sections and a
conclusion. In the introduction of the presented dissertation work, the relevance and novelty
are given, the purpose and main tasks of the work are formulated and main provisions for the
defense are set, and the summary of the dissertation is also presented. The first section
contains the main functional spaces, known inequalities and definitions, lemmas, theorems
that are used in research work. The second section is devoted to the study of the solvability of
the problem for a pseudo-parabofic equation with a fractional differentiation operator in the
sense of Caputo with a linear boundary condition. The existence of a weak solution to the
problem under consideration here is investigated using Galerkin approximations and a priori
estimates. To prove the uniqueness of the weak solution to the problem, the Sobolev
embedding theorem, the Rellich-Kondrashov theorem and the Gronwall-Bellman lemma are
used. Along with this, the blowing-up of the solution to the problem in finite time is proved.
The global solvability of the initial boundary value problem and the uniqueness of the weak
generalized solution are studied. The behavior of the time solution is shown at the end of the
section. The third section of the dissertation is devoted to the fundamental problem of
investigating the solvability of initial boundary value problems for a quasi-linear pseudo-
parabolic fractional equation with a sufficiently smooth boundary. The particularity of the
problems under study is that the boundary conditions are given in the form of a nonlinear
boundary condition with a fractional differentiation operator. The existence of a weak solution
of a quasiinear pseudo-parabolic equation in a bounded domain is proved. Depending on the
parameters of the equation, the local and global solvability of initial boundary value problems
is established.

The sequence of the results of the dissertation includes goals and objectives set by the
candidate. All sections and provisions of dissertation are logically interconnected, and the
sequence of presentation of the material is observed.
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PhD candidate had a scientific internship at the Galician Center for Mathematical
Research and Technology (CITMAGA), at the University of Santiago de Compostela, in Spain
from May to June 2022. During the internship Bekenayeva Kymbat actively worked on her
dissertation, solved complex issues of some parts of her research, consulted with her
international advisor. At the end of the internship, Bekenayeva Kymbat presented research
results at the seminar. I believe that she expanded her knowledge of the theory of boundary
value problems for the Sobolev equations.

The results of the dissertation research were published in two international journals
with the high impact factors including databases Web of Science and Scopus (Quartile-1).

While working on the dissertation, Bekenayeva Kymbat showed all the qualities of a
academic researcher-diligence, open-mindedness, ability to learn quickly, perseverance,
attention to detail, and approached the tasks with responsibility.

The dissertation work presented by Bekenayeva Kymbat satisfies all conditions
required to the PhD thesis on specialty 8D05401 — Mathematics and its author is eligible to
obtain degree «Doctor of Philosophy» on the mentioned direction.

International scientific advisor,
Prof. Dr. Professor oh the University
of Santiago de Compostela
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Ha AHCCEPTaLHOHRYI0 paGoTy Bekenaesoii Knim6aT CiaMoBHBI Ha Temy
«Paspemumoctn Ha4aJIbHO-KpaeBbIX 32724 AJIsI ICEBAONAPAGOJIHYIECKOro
YPABHEHHsI APOOHOTO NopsiaKay, NPeACTABJCHHYIO HA COMCKAHHUE
CTeneHu nokropa ¢pusocoduu (PhD)
no o0pa3oBaTenbLHOM nporpamme 8D05401 — Maremarnka

IlpencraBnennas AuccepTanuonHas paborta couckaress bexenaesont K.C.
HOCBIICHa  MCCIEIOBAHMIO  pa3peIluMOCTH Ha4aJbHO-KpaeBBIX 3aj1ay I
KBasUIIMHEHHOIO  IceBIOnapaboImueckoro yYpaBHEHHMsI IPOOHOTO TOpsiiKa C
OIIEPaTOpoM  NpoOHoro muddepennupopanus Karmyro. Huddepennuanpapie
YPaBHCHHUS C JPOOHBIMM YaCTHBIMH MPOH3BOJHBIME SIBJISIOTCS 0OOGIIEHHEM
YPaBHEHHH C YacCTHBIMH IPOM3BOAHBEIMU IIEJIOTO NOpsIIKa W IPENCTaBIISAIOT
OonbmON  TeopeTHYecKWi U NpaKTHYECKUH uHTepec. Pemenne MHOrux
TIPAKTAIECKN  BXHBIX 3a[a4, BO3HHMKAIOIIMX MPU WCCIENOBAaHUM IIPOIECCOB
(GunbTpanyu XUAKOCTH B TPELIMHOBATO-IIOPUCTBIX CPEax, ABHIKEHUS ITOA3EMHBIX
BOJI CO CBOOOHOM MOBEPXHOCTHIO B MHOTOCIIONHEIX CPe/ax, IepeHoca BIIar, Temia
M COJIeHl B MOPHUCTBIX CpeliaX W Jp. CBA3aHO C HEOOXOMMMOCTBIO MCCIIENOBAHMS
KpaeBBIX 33124 I CeBIONapaboNIuIECKUX YpaBHEHNUH qPOGHOr0 IOPSIIKA.

Lenbro HACTOSALIEN NUCCEPTALIMOHHOM PaGOTHI SIBNSETCS H3yUeHHE BOIIPOCOB
OJTHO3HAYHOMW pPa3pelIMMOCTH Ha4albHO-KPAeBhIX 3afad IS KBasHJIMHENHOro
TIICEBAONapaboNUIEecKoro ypaBHEHUs: JApPOOHOrO MOpSAKA C JIHHEHHBIMH MU
HeIMHCUHBIMM ~ [PAaHUYHBIMU  YCJIOBHMSIMH,  YCTAHOBJEHHE  TEOPEMBI O
CYIIECTBOBaHUM W €IUHCTBEHHOCTH Claboro OOGOOIIEHHOrO pelleHusl 3ajad,
JOKa3aTeIbCTBO  pa3pylLUEHMs  pelleHHs  3aJadyd IS KBa3HJIMHEHHOIro
[ICeBAONapaboNNIecKOro YpaBHEHUs JPOOHOTO MOPSIIKA C JIMHEHHBIM [PaHAIHBIM
YCJIOBHEM 33 KOHEYHOE BPEMS ¥ U3yYEHHE aCUMIITOTUIECKOTO TOBEACHHUS PEIICHHUS
110 BPEMEHH.

CogmepxaHue HCCIIENOBATENbCKON pAbOTBI COCTOMT W3 BBEJEHHS, Tpex
pa3eNioB U 3aKoueHus. Bo BBeIeHNY PEICTABIEHHOH TUCCEPTAMOHHOM paGOThI
NpUBENEHbl aKTyalbHOCTh M HOBHM3HA HA CErONHALIHMI JeHb, chopMynupoBaHa
1eNnb paboThl U IOCTABIEHB! 33124l U OCHOBHBIE MOJIOKEHHUS Ha 3allUTY, TaKKe
M3JIO)KEHO KpaTKoe COJIepXKaHWe IUCCepTauuu. B nepeom paszdene TpUBeEHBI
OCHOBHBIE (DYHKIHOHAIbHBIE IIPOCTPAHCTBA, W3BECTHHIE HEPABEHCTBA U
OIIpeIeNIeHHs, JIEMMBI, TEOPEMBI, KOTOPBIE HMCIIONB3YIOTCS B HCCIIEN0BATENbCKON
paGote. Bmopoti pasden TOCBAIICH HU3YYEHHIO DPAa3spellMMOCTH 3ajad  JUls
nceBaonapaboIuIecKoro ypaBHEHUs C _ OmepaTopom JpoGHOro
muddepennupoBanus B cmsicae Kamyto ¢ JIMHEHHBIM [PaHIIHBIM YCIIOBHEM.
CyluecTBoBaHHeE CIabOro peleH s pacCMaTPHBAEMOH 3AECh 3a/[a4H HCCIIEMyeTCs C
MOMOIIBIO PUOTHKeHNH [allepKHHa U aPHOPHBIX OeHOK. JIist lokasaTenscTsa
€IMHCTBEHHOCTH CJab0oro pPEIlEeHHS 33a1a9¥ NPUMEHSIOTCS TEOpeMa BIIOXKEHHs
CobGonesa, Teopema Pennuxa-KoHpamosa u nemma ['ponyosuia-Bemimana.
Hapsimy ¢ oTHM, 10Ka3aHO DaspYIICHHE DEIIeHHs 3ajaddl 33 KOHEHOE BpeMs.
Usyuyaercss ~ rimoGanpHas — Pa3spelllIMOCTh  HA4anbHO-KPaeBOM  3ajaud W




;éi?;:::“;j;e;:lifszi? :quﬁfqeun’o’ro pc}ueunﬂ. B kouue pasaesa vr1‘01<agaHo
HOCBALLIEH Cp.\'Hllal\leHTam)Hol:fMuu} [pcmuu pu:fc)c’!l llHCCCp’I‘alllIOHHOH. PaﬁDTbl
XDECREDX SaMS% o xe .1 |j;\(\\\)\1‘01\1c HecseloBat s paapeumchm HayaJbHO-
AV AG Gl q\n:.nuneuum'*o“ llCL‘B)l()l‘l'u[)l?l()OJII'I‘ICCKOFO ypaBHEHHS
A 3RO AeTes B;\ Jl? nrm riankoit rpannueii, OcodbeHHOCTH HCCI[CIlyf.'Mle

¢ OM, UTO IpaHiyble YCIIOBHSI 3/aI0TCs B BH/IC HEJIMHEHHOTO
Fpaﬂll‘mm‘o YCIOBHSL ¢ oneparopom  ApoGHOro  AH(pepeHHpOBaHHSL.
;101\"3%133“:‘51 CYLURCTBOBaHIE cnaboro peLeHHst KBa3UJIUMHEHHOr O
NCCBAONAPAVOIHYECKOTO YpaBHeHus B orpatiueHHOH obacTH. B 3aBUCHMOCTH OT
NApAMETPOB YPABHEHHS yCTaHABAMBAETCS JIOKaIbHAs M ri00abHas pa3pelnMoCThb
HQUabHO-KPAeBbIN 3314y,

[locnenosarensHocTs  w3noxennss  pesysnbTatoB  JMCCEPTALMOHHOrO
HCC/ICOBAHHS ONpenessieT UeNnn U 3afayvd, MOCTaBjCHHbIC MEPEI COHCKATEIEM.
Bee pasnensl M nonoxeHus noruyeckd B3aWMOCBSI3aHbl, MOC/IEN0BaTEIbHOCTD
H3TI0XKEHHS MaTepHaa coooeHa.

Comnckarens ¢ Mas no utoHp 2022 roja npoluia HaydHyto CTaXHPOBKY B
CanuicHICKOM II@HTpe MaTeMaTHUeCKHX HCCJEJOBaHHH M TEXHOJIOIHH
(CITMAGA) ynusepcurera Canrbsaro ne Komrmocrena, 3a Bpems npeObIBaHUs B
nenTtpe bexenaesa K. akTHBHO paboTana Haj aMccepranued, odpallanack 3a
KOHCYIbTalMell 10 CJIOXHBIM BompocaM. Ilepen OKOHYaHHEM CTaXXKHPOBKH
BBICTYIIIVIA C JOKIIAZOM Ha CEeMMHape, M s CYWTAlo, YTO OHa paclIMpiia CBOH

TI03HAHHMS [T0 TEOPHHM KpaeBBIX 3a1ad Jns ypaBHeHuil Codoiesa.
PesybTaThl THCCEPTALIMOHHOTO HCCIIEI0BAHMUS oIyOJUKOBaHEI B 2 padoTax,

H30aHHBIX B MEXIYHapOIHBIX JKypHallaX C BBICOKHM I/IMHaKT—(paKTOpOM,

oTHOCsIIXCs K 6asam Web of Science u Scopus (I kBapTuis).
Ilpu pabore Han micceprarueil bekenaesa K.C. nposiBuia BCe KauecTBa

HCCIIeIOBATENS — TPYHLOJ0OHE, OTKPBITOCTb MBIILIIEHH S, CIIOCOOHOCTD K OBICTPOMY
06y 4eHII0, yOPCTBO, BHUMAHHE K IETANSM, [I0OJXOHNA K BBIMOTHEHHIO 3aJaHui ¢

OTBETCTBEHHOCTBIO.
JluccepTallHOHHAS pa6ora BeImonHeHHas bekenaesoil K.C. coorBeTcTBYeT

BceM TpeOOBaHUSAM, NPEABABISEMBEIM K JUCCEPTALHAM PhD no oOpasosaTensHOM
nporpamme 8D05401 — Matemartuka, a ee aBTop bexenaesa K.C. 3acnyxxusaer
TNpUCy>XXIeHHs CTENCHH nokropa ¢uiaocopun (PhD) no BelmeHassanHOH

criequaJbHOCTH.

3apyGesHblii HAYYHBIH KOHCYJIBTAHT,

npodeccop yHHBEPCHTETA |
Caunrbsaro ae Komnocreina, A. Ka6ana




Tlepeson ¢ anrnuiickoro s3bIka Ha PyCCKHi BLIMOHEN
nepesonirkom Crambekosoii Amxan Epmeronnoii
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Translator ~ Stambekova  Aizhan .Yermekovna
performed this translation from English language

- ‘ into Russian language.
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Pecnybnuka Kasaxcran, ropos Anmatbl
27.03.2023 roma

S, Asmesa Anus TanratopHa, HOTapHyc ropoja
Anmarsl, DeHCTBYIOLHI Ha OCHOBAHHH
rocynapcTseHHOM nuuensin Ne 19001119 or 22 susaps
2019 ropa, BblaaHHOH MHHHCTEPCTBOM  IOCTHUMH
PecnyOnuxu Kasaxcrau, CBHAETENLCTBYIO NOAIHHHOCTD
nonnucn  nepesonuuka  CramGexkoBod — AmxaH
EpmexoBHoii.

3aperucTpHpOBAHO B PEECTPE 3a N93/ €
Bsbickano: cormacho n. 2 cr. 611 3akona «O
HOTapHare»
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Republic of Kazakhstan, Almaty
27.03.2023

I’'m Aziyeva Aliya Talgatovna, a notary of the city
of Almaty, acting on the basis of state license No.
19001119 dated January 22, 2019, issued by the
Ministry of Justice of the Republic of Kazakhstan
attest the authenticity of signature made by
translator Stambekova Aizhan Yermekovna.

Registered under the number Ne

Paid in accordance with paragraph 2 of Art. 611 of
the Law "On Notary"

Notary
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